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In this paper, exact three-dimensional analysis for torsion of multilayer piezoelectric transducers is pre-
sented to highlight the remarkable effects of electrode and size effects on interface stresses and deforma-
tion. A generalized formulation is introduced for torsion of an arbitrarily layered cross section. In order to
reach an advanced and better device, multilayer piezoelectric materials with different properties are for-
mulated while axis of torsion and the polarization axes of each layer make different orientations with
respect to each other. An exact formulation for n-layer piezoelectric device with rectangular cross section
is presented to compensate considerable deviation of previous studies’ results from exact solution due to
the assumption of linear distribution for the electric potential. In order to improve the performance of the
transducers, being utilized in industry, several case studies are presented in order to investigate the inﬂu-
ence of different parameters, e.g. thickness and material properties of electrodes over shear and peel
stresses. Besides, a correction factor is introduced to completely compensate the effect of ignoring
electrodes.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric material technology has enabled a wide variety of
commercially successful sensors and actuators such that they have
been widely used as transducers in control systems. (Ashida, 1999).
Along with the recent increase in the use of piezoelectric in a wide
variety of applications, various numerical methods have been
developed for analyzing these devices. The concept of functionally
graded materials (FGMs) has been extended into piezoelectric
materials (Wu et al., 1996). Functionally graded piezoelectric mate-
rial (FGPM) is a new engineered material developed with spatially
varying properties to suit particular applications. To improve the
efﬁciency and durability of acoustic sensors, the use of functionally
graded piezoelectric material (FGPM) has been considered. Investi-
gating a BaTiO3-FGM actuator, (Hauke et al., 2000) showed that
with respect to a classical bi-morph, the deﬂection of an FGM can-
tilever actuator is only slightly smaller, whereas the internal
mechanical stress is signiﬁcantly reduced. Multilayer piezoelectric
actuators are used in commercial and research systems. By apply-
ing power series technique (Liu et al., 2007) investigated the prop-
agation of Love waves in FGPM layered structures. (Lim and He,
2001) obtained an exact solution of a compositionally gradedll rights reserved.
x: +98 21 6648 0290.
ki@yahoo.com (M. Maleki).
iﬁc contributions.piezoelectric layer under uniform stretch, bending and twisting. A
brief review and an analytical model for a cantilever micro actuator
loaded normally at the tip were presented (Kruusing, 2001). Vari-
ous composite materials have been constructed using graded tran-
sitions in composition to reduce stress concentrations at interfaces.
Interest in gradedmaterials focused on controlling thermal stresses
in structures exposed to high-temperature applications and to sur-
face contact damage. Li et al. (2008) studied the problem of a func-
tionally graded piezoelectric circular plate subjected to a uniform
electric potential difference between the upper and lower surfaces.
Although there are several three-dimensional solutions, most of the
studies on piezoelectric laminates were based on 2-D plate theories
(Taya et al., 2003; Almajid et al., 2001). The inﬂuence of FGPM non-
homogeneity on the rate of decay of Saint–Venant end-effects has
been investigated by Borrelli et al. (2006). Yang and Xiang (2007)
has investigated the static bending, free vibration, and dynamic re-
sponse of monomorph, bimorph, and multimorph actuators made
of functionally graded piezoelectric materials (FGPMs) under a
combined thermal-electro-mechanical load by using the Timo-
shenko beam theory. Displacement and tip-deﬂection analysis has
been done along the beam and a comparison has been made with
the experimental results (Huang et al., 2004; DeVoe and Pisano,
1997). Utilizing the Fourier transform technique, Ueda (2004)
investigated thermally induced fracture of a functionally graded
piezoelectric layer. Williams and Yates (1996) analyzed a PZT
structure by using a single degree of freedom mechanical model.
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Fig. 1. Schematic view of C, an arbitrary cross section of a multilayer piezoelectric
device under torsion and applied electric ﬁeld.
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electric sandwich cantilever under an applied electric ﬁeld and/or a
heat load is studied (Xiang and Shi, 2009) investigated the static
bending, free vibration, and dynamic response of monomorph,
bimorph, and multimorph actuators made of functionally graded
piezoelectric materials (FGPMs) under a combined thermal-elec-
tro-mechanical load by using the Timoshenko beam theory. Dai
et al. (2010) obtained analytical solutions of stresses in functionally
graded piezoelectric hollow structures. Chakraborty et al. (2003)
developed an exact shear deformable beam ﬁnite element to study
the static, free vibration, and wave propagation problems for bi-
material beams fused with FGM. Sankar (2001) obtained an elastic-
ity solution for a functionally graded beam subjected to transverse
loads, with the Young’s modulus of the beam varying exponentially
through the thickness. Hwang and Park (1993) introduced a new
model that is extracted from the calculation of the FEM and calcu-
lated the static responses of a piezoelectric bimorph beam in a pie-
zoelectric plate element (Shen et al., 2006) investigated the
parameters inﬂuencing the output energy of piezoelectric bimorph
cantilever beam with a proof mass. There are various application
areas for piezoelectric torsional actuators, such as a LSU (laser scan-
ning unit), rotor blade control system of helicopters, ultrasonic mo-
tor and a rotational stepping motor. Optical micro scanners driven
by electrostatic and piezoelectric actuators have been developed
(Glazounov et al., 1999). Among them, the piezoelectric actuators
have the advantages of low power consumption and low voltage
operation. Piezoelectric optical micro scanners (piezoelectric scan-
ners) that use Pb(Zr0.52Ti0.48)O3 (PZT) thin ﬁlms as a piezoelectric
material has been developed (Kobayashi et al., 2005).
Compensation of torsions in rods by piezoelectric actuation has
been proposed in Zehetner (2008). Maleki et al. (2011) performed
an exact three-dimensional analysis for static torsion of single-lay-
ered piezoelectric materials. Saint–Venant torsional problem for
homogeneous, monoclinic piezoelectric beams in terms of Pra-
ndtl’s stress function and electric displacement potential function
was formulated (Ecsedi and Baksa, 2010). Nianga performed an
analysis for Boundary-layer of torsion in a piezoelectric material
with symmetry of order six (Nianga, 2006).
Another type of torsional piezoelectric actuator, utiliz-ing the
d15 piezoelectric effect to produce shear strain directly,was devel-
oped from multi-layered and assembled piezoceramic cylinders by
(Takeshi Morita et al., 1998). The manufacturing processes of these
actuators are all rather complex and seem difﬁcult to be used in
miniature torsional actuators. Therefore, an analytical solution
(that is, the torsional effect which directly sets up the relationship
between torque and displacement) is urgently required to simplify
the design structure of piezoelectric torque sensors. For thin piezo-
electric layers the through-the-thickness distribution of the elec-
tric ﬁeld is mostly regarded as linear. However, in reality, the
distribution of the electric potential through piezoelectric layers
is non-linear. Recently, therefore, the importance of the fully cou-
pled formulation has been emphasized over the partially coupled
formulation, because the coupling effect should not be neglected
(Lee and Saravanos, 2000).
Since torsion is one of the dominating loading conditions in
practice, the behavior of the newly developedmultilayer piezoelec-
tric transducers with noncircular cross sections subjected to torsion
loading is investigated in-detail to evaluate the effect of the inter-
face stresses and electrode effects on stress distributions. The
necessity of validating the outputs of numerical simulations along
with the difﬁculty of performing experimental tests onmicro piezo-
electric transducers is the main motivation for seeking analytical
solutions. Despite a considerable number of papers treating multi-
layer piezoelectric sensors and actuators, due to mathematical dif-
ﬁculties there is no analytical exact investigation for static torsion
of multilayer piezoelectric devices. Analytical modeling is aninevitable element in the design process to understand various
interrelated parameters and to optimize the key design parameters.
In the present paper, three-dimensional static analysis of multi-
layer piezoelectric materials under torsional loading is formulated
using stress and induction functions. Analytical 3-D solutions are
useful because these solutions can predict exactly the mechanical
and electrical behaviors near or across the interface of material lay-
ers. The solution can be employed for any number of PZT layers for
getting stepwise variation of properties through the cross section.
Considering Maleki et al.’s investigation more generalized formula-
tion for torsion of multilayer piezoelectric materials with arbitrary
geometries and interfaces are presented. Except for steady state of
stress, the solution approach, presented here, is not dependent on
any additional assumption. This formulation is employed later to
solve n-layer PZT devices with rectangular cross sections. Then as a
particular application, exact solution of bimorph piezoelectric actua-
tors and sensors is obtained and it is compared with three-dimen-
sional ﬁnite element results. Finally, the size and material stiffness
effects of electrodes and transducer layers on deformation and inter-
face stress formicro-bimorphs are investigated. These examplesmay
illustrate the high capability of this method to model micro
transducers.
2. Basic equations
Let X be a prismatic bar X ¼ fx 2 R3 : ðx; yÞ 2 Cg, where C is a
simply connected cross section. A set of separate electrodes is ad-
hered. The whole cross section consists of several PZT layers with
arbitrary cross sections and different properties. X is subjected to
prescribed torsion along z-direction and electric ﬁeld, applied by
electrodes with constant voltages as shown in Fig. 1.
The constitutive equations for transversely isotropic piezoelec-
tric materials can be written as follows
fSg ¼ ½Q 1fTg þ ½dTfEg ð1Þ
fDg ¼ ½dfTg þ ½efEg ð2Þ
Where [Q], [d] and [e] are compliance, coupling and permittivity
matrices respectively while {E} and {D} are electric ﬁeld and electric
displacement vectors, respectively. Stress and strain tensors consist
of the following components
fSg ¼
xx
yy
zz
2xy
2yz
2zx
8>>>><
>>>:
9>>>>=
>>>;
; fTg ¼
rxx
ryy
rzz
sxy
syz
szx
8>>>><
>>>:
9>>>>=
>>>;
ð3Þ
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and electrostatic diffrential equations, in the absence of body forces,
are
rij;j ¼ 0 ð4Þ
Di;i ¼ 0 ð5Þ
Where rij and Di denote, respectively, the components of the stress
tensor and of electric displacement vector. The strain–displacement
and electric ﬁeld-electric potential relations are in the forms
ij ¼ 12 ðui;j þ uj;iÞ ð6Þ
Ei ¼  @w
@xi
ð7Þ
Where ui denotes the displacement component in xi direction and w
is the electric potential function.
In present paper, the problem is considered with the assump-
tion that axis of torsion is always parallel to z axis while the direc-
tion of polarization for each layer can be either collinear with z
axis, named as type I, or perpendicular to it, type II. This classiﬁca-
tion gives the opportunity to optimize the electromechanical behv-
ior of transducers by changing combination of geometrical
conﬁguration.
3. Mathematical formulations and solution procedure
In this section, three dimensional formulations of multilayer
piezoelectric transducers, subjected to pure torsion, is considered.
Mathematically formulating the torsion of single layer PZTs or
ADPs, (Maleki et al., 2011) indicated that the sets of four differen-
tial Eqs. (4) and (5) decouple into the following second-order dif-
ferential equations for torsion problem in terms of stress and
induction functions
g1
@2
@x2
Uðx; yÞ þ @
2
@y2
Uðx; yÞ ¼ g2 ð8Þ
n
@2
@x2
pðx; yÞ þ @
2
@y2
pðx; yÞ ¼ 0 ð9Þ
Where giði ¼ 1;2;3Þ are deﬁned according to Table 1 and stress and
induction functions are related to stress components and electric
displacement components in the form
 @U
@x ¼ syz
@U
@y ¼ sxz
(
p ¼ v dU For type I
p ¼ v For type II

ð10:1Þ
@v
@y ¼ D1
 @v
@x ¼ D2
(
ð10:2Þ
ð10Þ
Using Table 1, Eq. (7) and constitutive equations we ﬁnd that elec-
tric ﬁeld components and warping for r-th layer ðr ¼ 1;2; . . . ;nÞ, are
given by
Erx ¼ 
@wr
@x
¼ ar1
@pr
@y
ð11ÞTable 1
Coefﬁcients of Eqs. (8) and (9).
Type g1 g2 n
I 1 2q44h
a 1
II q44
q66
2q44h e33e b
a ðhÞ is the angle of rotation per length of the transducer.
b e ¼ e11 ¼ e22Ery ¼ 
@wr
@y
¼ ar2
@pr
@x
ð12Þ
@wr
@x
¼ br1
@Ur
@y
þ br2
@pr
@y
 hy ð13Þ
@wr
@y
¼ cr1
@Ur
@x
þ cr2
@pr
@x
þ hx ð14Þ
Where ari ;b
r
i and cri i ¼ 1;2 are constant coefﬁcients for rth layer as
shown in Table 2. Henceforth, both superscript r and s represent
the number of corresponding layer.
It is clear that X is subjected to surface mechanical and electri-
cal boundary conditions on its lateral surface of the form
For free surface :
rijnj ¼ 0
Dini ¼ 0

Through electrodes’ surfaces : w ¼ cte
ð15Þ
While for adjoining layers
On xr;s :
ðrijnjÞr ¼ ðrijnjÞs
ðDiniÞr ¼ ðDiniÞs
wr ¼ ws
wr ¼ ws
8>><
>>:
ð16Þ
Where r and s are two arbitrary consecutive layers and ni is compo-
nent of unit outward normal vector in ith direction. Considering
Eqs. (10) and (15) for surface boundaries of the whole cross section
yields
On  :
Ur ¼ 0
pr ¼ 0

ð17Þ
While Eq. (16) may be reduced to
Ur ¼ Us ¼ U
pr  ps ¼ fr;sU
dwr ¼ dws
dwr ¼ dws
8>><
>>:
ð18Þ
Where fr;s has a different value for types (I) and (II) as shown in
Table 2.
In order to satisfy end-loading conditions, the resultant force
should vanish while the moment should reduce to a pure torque
T about the z-axis. The static cross sectional equilibrium equations
for moments in x and y-directions as well as all components of
forces are automatically satisﬁed while the resultant moment
about z-axis simpliﬁes to
T ¼ 2
Xn
r¼1
Z
Ar
UrdA ð19Þ
Where n is the number of layers. We now suppose that interface be-
tween rth and sth layers is an arbitrary contour of the form
f r;sðx; yÞ ¼ 0 ð20Þ
Where f r;sðx; yÞ is a real differentiable function. Differentiating f r;s
yields
f r;sx ðx; yÞdxþ f r;sy ðx; yÞdy ¼ 0 ð21ÞTable 2
coefﬁcients of Eqs. (11)–(14) d ¼ d15 ¼ d24.
Type a1 a2 b1 b2 c1 c2 fr;s p
I 1e
1
e
1
q44
d
e
1
q44
d
e ds  dr v dU
II 1e33
1
e
1
q44
0 1
q66
0 0 v
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dwr ¼ wrxdxþ wrydy ¼ ar1
@pr
@y
dx ar2
@pr
@x
dy
¼  dx
f r;sy
ar1
@pr
@y
f r;sy  ar2
@pr
@x
f r;sx
 
ð22Þ
Similarly
dws ¼  dx
f r;sy
as1
@ps
@y
f r;sy  as2
@ps
@x
f r;sx
 
ð23Þ
Hence, considering Eq. (18)3 for rth and sth layers
ar1
@pr
@y
f r;sy  ar2
@pr
@x
f r;sx ¼ as1
@ps
@y
f r;sy  as2
@ps
@x
f r;sx ð24Þ
Following the similar steps, Eq. (18)4 may be written in the form
f r;sy b
r
1
@Ur
@y
þ br2
@pr
@y
 
 f r;sx cr1
@Ur
@x
þ cr2
@pr
@x
 
¼ f r;sy bs1
@Us
@y
þ bs2
@ps
@y
 
 f r;sx cs1
@Us
@x
þ cs2
@ps
@x
 
ð25Þ4. General solution for rectangular multilayer cross section
Linearity of constitutive equations of piezoelectric materials as
well as linear static differential equations of equilibrium enables us
to use superposition principle. Thus torsion of transducer under
applied electric ﬁeld can be presented as the sum of two following
subproblems: 1. Transducer under applied electric potential. 2.
Transducer under pure torsion.
4.1. Subproblem1
For the case of transducer under voltage difference shown in
Fig. 2, determination of electric ﬁeld is readily achievable, since
all the components of stress tensor are equal to zero. In addition,
electric ﬁeld in y-direction is the sole nonzero component of elec-
tric ﬁeld vector which varies linearly through the cross section.
Employing constitutive Eq. (2) and boundary conditions of Eq.
(16)2 yields
erþ122
DVrþ1
hrþ1
¼ er22
DVr
hr
ð26Þ
Where hr is the width of rth layer. Additionally, DV
rþ1 and DVr rep-
resent the electric potential difference between the top and bottom
interfaces of the ðr þ 1Þth and rth layers, respectively. Eq. (26) can
be rewritten in the form
DVrþ1 ¼ Kr;rþ1  DVr ð27Þ
In order to use compact notation we deﬁne Kp;q as follows
Kp;q ¼ e
p
22
eq22
 hq
hp
ð28ÞnVΔ
1VΔ
n 
1 
H 
. 
. 
. 
y 
x
r 
. 
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. 
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Fig. 2. Multilayer piezoelectric transducer under electric potential difference.Where eq22 and e
p
22 are electric permittivity of qth and pth layers,
respectively. Using Eq. (27), it can be obviously shown that DVr
can be rewritten as
DVr ¼ DV1
Yi1
j¼1
Kj;jþ1 ð29Þ
Since
Yi1
j¼1
Kj;jþ1 ¼ K1;i ð30Þ
Eq. (29) can be simpliﬁed to
DVr ¼ K1;rDV1 ð31Þ
While the applied electric potential difference (V) to the transducer
can be written as the sum of electric potential differences of all lay-
ers as follow
Xn
i¼1
DVi ¼ V ð32Þ
Hence, electric potential difference between the top and bottom
interfaces of the rth layer in terms of electric properties, thickness
of layers and the total applied voltage can be calculated by using
Eqs. (30) and (31) in the form
DVr ¼ K1;r V
1þ
Xn1
m¼1
K1;mþ1
 ! ð33Þ
On using Eqs. (12), (28) and (33) we ﬁnd that electric ﬁeld in y-
direction for ith layer is given by
Ery ¼
V
er22
Xn
m¼1
hm
em22
ð34Þ4.2. Subproblem2
The problem is reduced to a transducer under an applied torsion
along z-axis. An n-layer rectangular piezoelectric transducer under
pure torsion is shown in Fig. 3. The cross sectional length and
width of rth layer is b and hr , respectively. As shown in Fig. 3.
let the Cartesian coordinate system of any layer be ðx; yiÞ with its
origin at the corner of each layer and consider that the whole cross
section is subjected to a prescribed torsion along z-direction and
electric ﬁeld, applied by electrodes parallel-to-x axis. The govern-
ing Eqs. (8) and (9) should be solved and the boundary conditions
in Eqs. (15)3 and (17) are simpliﬁed to
U1jy1¼0 ¼ 0 ð35Þ
Unjyn¼hn ¼ 0 ð36Þ
@p1
@y

y1¼0
¼ 0 ð37Þ
@pn
@y

yn¼hn
¼ 0 ð38Þ
pr jx¼0 ¼ pr jx¼b ¼ Urjx¼0 ¼ Ur jx¼b ¼ 0r ¼ 1;2; . . . ;n ð39Þ
Note that for rectangular cross sections, f r;s simpliﬁes to y ¼ cte.
Substituting this into Eqs. (24) and (25), boundary continuity condi-
tions, Eqs. (18)1, (18)2 and Eqs. (24) and (25) are reduced to
1 
T 
2 
1h
2h
nh
.
. 
. 
. 
n 
.
. 
. 
. 
1y
2y
ny
0ψ =
0ψ =
nx
2x
1x
Fig. 3. Multilayer piezoelectric device under torsion.
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rþ1jyrþ1¼0 ð40Þ
prjyr¼hr  prþ1jyrþ1¼0 ¼ fr;rþ1U
rþ1jyrþ1¼0 ð41Þ
ar1
@pr
@y

yr¼hr
¼ arþ11
@prþ1
@y

yrþ1¼0
ð42Þ
br1
@Ur
@y

yr¼hr
þ br2
@pr
@y

yr¼hr
¼ brþ11
@Urþ1
@y

yrþ1¼0
þ brþ12
@prþ1
@y

yrþ1¼0
ð43Þ
We resort to a fundamental solution technique for this problem and
the Fourier method is ideally suited for it. The solution to governing
Eqs. (8) and (9) for rth layer yields
Ur ¼ 1
2
gr2
gr1
xðxbÞþ
X1
m¼1
sinkmx A
r
m sinh s
r
myi
 þBrm cosh srmyr 	 
ð44Þ
pr ¼
X1
m¼1
sinkmx C
r
m sinh j
r
myr
 þDrm cosh jrmyr 	 
 ð45Þ
Where in Eq. (44), the ﬁrst term is the particular solution of Eq. (8)
while the second term as an inﬁnite series represents the solution
for homogeneous form.
The homogeneous and particular solutions are nominated as
below in a way that Eq. (39) be satisﬁed
km ¼ mpb m ¼ 1;2;3; :: ð46Þ
And
srm ¼ km
ﬃﬃﬃﬃﬃ
gr1
p ð47Þ
jrm ¼ km
ﬃﬃﬃﬃ
nr
p
ð48Þ
Note that Eqs. (44) and (45) hold for any layer. Therefore, unknown
constant coefﬁcients Arm; B
r
m;C
r
m and D
r
m ðr ¼ 1;2; . . . ; nÞ should be
found to determine the exact behavior of transducer. To ﬁnd these
4n unknowns, we need 4n equations: There are four equations, re-
sulted from Eqs. (35)–(38), for both the top (yn ¼ hnÞ and the bot-
tom (y1 ¼ 0Þ surfaces. To provide 4(n-1) remaining equations Eqs.
(40)–(43), as continuity equations, for n-1 interfaces should be ta-
ken into consideration. Hence, the exact three-dimensional static
torsion of multilayer piezoelectric transducers with rectangular
cross section reduced to the solution of a system of 4n linear equa-
tions with 4n unknowns.
Now, we are going to obtain the above mentioned continuity
equations for rth layer. To do so, the Fourier expansion of the ﬁrst
term in Eq. (44) yields
xðx bÞ ¼
X1
m¼1
lm sin kmx ð49Þ
Where coefﬁcients lm can be easily found by Fourier series theory,
giving the resultlm ¼ 2b
Z b
0
lðl bÞ sinmpl
b
dl ð50Þ
Employing Eqs. (44) and (49) yields
Urjyr¼hr ¼
X1
m¼1
Arm sinh s
r
mhr
 þ Brm cosh srmhr þ 12 g2;rg1;r lm
( )
sin kmx
ð51Þ
Urþ1jyrþ1¼0 ¼
X1
m¼1
Brþ1m þ
1
2
g2;rþ1
g1;rþ1
lm
 !
sin kmx ð52Þ
Thus, the ﬁrst continuity equation is in the form
Arm sinh s
r
mhr
 þ Brm cosh srmhr þ 12 g2;rg1;r lm
¼ Brþ1m þ
1
2
g2;rþ1
g1;rþ1
lm ð53Þ
By considering the following two equations
pr jyr¼hr ¼
X1
m¼1
Crm sinh j
r
mhr
 þ Drm cosh jrmhr 	 
 sin kmx ð54Þ
prþ1jyrþ1¼0 ¼
X1
m¼1
Drþ1m sin kmx ð55Þ
The second continuity Eq. (41) simpliﬁes to
Crm sinh j
r
mhr
 þ Drm cosh jrmhr  Drþ1m
¼ fr;s Brþ1m þ
1
2
g2;rþ1
g1;rþ1
lm
( )
ð56Þ
Following a similar approach the third and forth Eqs. (42) and (43)
can be obtained in the form
ar1j
r
m C
r
m cosh j
r
mhr
 þ Drm sinh jrmhr 	 
 ¼ arþ11 jrþ1m Crþ1mn o ð57Þ
br1s
r
m A
r
m cosh s
r
mhr
 þ Brm sinh srmhr 	 

þ br2jrm Crm cosh jrmhr
 þ Drm sinh jrmhr 	 

¼ brþ11 srþ1m Arþ1m
n o
þ brþ12 jrþ1m Crþ1m
n o
ð58Þ
Hence, Eqs. (56)–(58) and Eq. (53) are so-called continuity equa-
tions for rth layer which are used to ﬁnd the unknowns of Eqs.
(44) and (45).
Finally on using Eq. (19), we ﬁnd h, the angle of rotation per
length of the transducer. Note that due to electric charge genera-
tion at the boundaries of conductor layers, e.g. electrodes the sec-
ond continuity equation is not valid anymore. Instead we have
pconductorðx; yÞ ¼ 0 ð59Þ
Hence, the exact three-dimensional static torsion of multilayer pie-
zoelectric transducers with rectangular cross section can be ob-
tained by solving the mentioned linear set of 4n equations.
5. Consistency between analytical and numerical results
A numerical electromechanical analysis is carried out with 3-D
ﬁnite element method for quasi-static analysis of torsion of multi-
layer piezoelectric transducers to compare with analytical formu-
lation. Due to the practical applications, a bimorph piezoelectric
transducer is considered here. However, the analytical solution is
a general investigation and it may be employed for any number
of layers. A three-dimensional model of Lagrangian elements is
employed in Comsol Multi-physics. The number of elements and
the total number of degrees of freedom are 2700 and 96348,
respectively. Geometrical properties for a prism with a rectangular
Fig. 5. Shear stress in yz plane for x = 0 of bimorph transducer.
Fig. 6. Shear stress in y = 0 for PZT8.
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piezoelectric materials are investigated, PZT2 and PZT8 of type (I)
which can be used in processing piezo-actuators. According to
Saint–Venant principle, it is essential that the cross section be far
from loading points. Hence, the cross section is chosen at the mid-
dle of the rod, the region where stresses and warping are indepen-
dent of z, to be compatible with Saint–Venant principle.
Figs. 4–7 indicate that numerical solution agrees absolutely
with analytical one. Fig. 4 shows the variations of electric potential
distribution through the vertical edge. Despite the assumption,
made in Zehetner (2008), Fig. 4 implies nonlinear distribution of
electric potential through the cross section. Although for one-layer
PZT transducer electric potential has linear distribution (Maleki
et al., 2011) this does not work for transducers having several lay-
ers with different material properties.
Similarly, the variations of shearing stresses, produced at the
borders of the whole cross section, are plotted in Figs. 5–7. Fig. 5
suggests that existence of layers with different material properties
causes the translation of the position of the maximum stress.
Additionally, contour lines of U;p and w are shown in Figs. 8–
10. Note that at the interface of piezoelectric layers p; @U
@y and
@w
@y
have discontinuities, implies that sxz and Ey have different values
for each layer.
6. Electrode effects
Electrodes are indispensable part of transducers. There are both
thick and thin-ﬁlm electrodes applied to piezo ceramics. Thin-ﬁlm
electrodes can be used in manufacturing shear elements. Piezo-
ceramics have high sputtering equipment productivity which facil-
itates the application of electrodes made of metal alloys, preferably
CuNi composites and noble metals such as gold. When the effects
of electrodes thickness and material properties are taken into ac-
count, deformation and induced electric potential change signiﬁ-
cantly. The current analytical method helps us to consider the
electrode as an extra layer and evaluate the effect of its thickness
and property on performance of the piezoelectric transducers.
We here mainly investigate the mechanical effect of metal elec-
trodes, including thickness and material properties on the defor-
mation of cross section. The multilayer piezoelectric transducer
investigated here is of 50 mm length, thickness of h ¼ 0:2 mm for
each layer subjected to applied torsion of 0.001 N.m. Two piezo-
electric materials are investigated, PZT2 and PZT8 of type (I) which
can be used in processing piezo-actuators. The material in the elec-
trode region is considered to be completely poled and isotropic.
The epoxy resin to bond the top and bottom layers is not consid-
ered in our analysis. We deﬁne P ‘‘g’’ as a parameter to represent
the deformational error, caused by pure torsion of the sole trans-Fig. 4. Electric potential distribution in x = 0 of bimorph transducer.
Fig. 7. Shear stress in y = 0.1 for PZT2.ducer without any adhered electrodes (happroximateÞ with respect to
the case of ‘‘electrode existence’’ (hexactÞ in the form
g ¼ happroximate  hexact
hexact
ð60Þ
For a certain transducer, this parameter is a function of electrode
stiffness and thickness ratio of electrode to piezoelectric layer, R,
deﬁned as below
R ¼ helectrode
hpiezoelectric layer
ð61Þ
Hence, the parameter g can demonstrate the effect of electrode on
torsion of transducers.This effect is studied in two following cases:
Fig. 8. Contour lines of electric potential for rectangular cross section of a bimorph
transducer.
Fig. 9. Contour lines of stress function for rectangular cross section of a bimorph
transducer.
Fig. 10. Contour lines of p for rectangular cross section of a bimorph transducer.
Fig. 11. Electrode stiffness effect on torsion of bimorph transducers.
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We assume that the ratio of thickness of electrode to that of pie-
zoelectric bimorph layers is R ¼ 0:02. As shown in Fig. 11, g is plot-
ed versus electrode shearing modulus. In addition, g is illustrated
for some typical electrodes such as gold, silver and CuNi. We make
use of properties of applied electrodes as in Table 3.
Fig. 11 implies that increasing the stiffness of the electrodes
leads to more remarkable deviation of approximate solution from
exact analysis. For instance, it is obvious from the ﬁgure that the
CuNi electrode has the highest induced errors among the other op-
tions since it is the stiffest one.
6.2. Case II
In this case the bimorph is bonded to two silver electrodes and
the torsional moment is 0.001 N m. To show the electrode size ef-fect, g is plotted versus R. It is evident that increasing thickness ra-
tio causes more remarkable electro-mechanical error.
In Fig. 12 the parameter g rises signiﬁcantly when R on both
sides increases. Compared with the exact solution results, the
approximate model overestimates the rotation of the cross section.
Noting that a high value of R implies an electrode with large thick-
ness. For large values of R the angle of rotation per length of the
transducer, calculated by the exact model, are signiﬁcantly lower
than those predicted by approximate model, without considering
the adhered electrodes. This suggests that the approximate calcu-
lations are not applicable when the depth of electrode is rising.
Even thin ﬁlm electrodes, used in micro bimorphs, cause consider-
able errors. For example, in the case of R = 0.02 (electrode of 4 lm-
thickness) the induced error is about 5%. Additionally, it can be in-
ferred that the nature of thick-ﬁlm electrodes generally leads to a
reduction of effective piezoelectric properties.
6.3. Correction factor
Considering the above studied error, a correction factor may be
deﬁned in order to completely compensate the effect of ignoring
electrodes as follows
CF ¼ 1
1þ g ð62Þ
Where g can be calculated from Figs. 11 and 12. Now the exact re-
sults may be obtained multiplying correction factor by the approx-
imate results, given as
Pexact ¼ CF  Papproximate ð63Þ
Where P is an arbitrary quantity such as U;p and h  Papproximate is the
obtained quantity by ignoring the electrodes.
7. Interface stress analysis
Although bimorph piezo-actuators undergo large deformation,
they are well-known to suffer from large induced stress at the
interface region due to the abrupt changes in both their material
composition and thermo-electro-elastic properties (Lee, 2005).
The performance and integrity of piezoelectric structures are inﬂu-
enced by the interface stresses within the adhered layers. Interface
debonding between the piezoelectric layers is one of the most
common failure modes of the smart structures. The critical roles
of interface stresses played in smart structures suggest that it is
of great importance to accurately evaluate the interface stresses
within interface of layers (Winzer et al., 1989; Furuta and Uchino,
Table 3
Material properties.
Material Shear
Modulus
(Gpa)
Piezoelectric coefﬁcient
(d15 and d24)1010
Electric permittivity
(e11 and e22)e0
Silver 30 – –
Gold 27 – –
CuNi 45 – –
AgNi 49 – –
PZT8 22 3.3 1290
PZT2 31 4.4 990
Fig. 12. Electrode size effect on torsion of bimorph transducers.
Fig. 14. Electrode stiffness effect on maximum stress between transducer layers
Green: Interface shear stress between two piezoelectric layer Red: Interface shear
stress between PZT8 and electrode Blue: Interface shear stress between PZT2 and
electrode. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
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form solutions of interface stresses with enhanced accuracy have
been successfully obtained by the solution.
To further verify and demonstrate the advantages of the three
dimensional solution, the effect of thickness ratio and electrode
properties on maximum interface stresses of a bimorph multilayer
transducer with adhered electrodes is investigated in these two fol-
lowing cases. One should note that the maximum magnitude of
interface shearing stress occurs at the vertical edges of the cross
section. Interesting features can be observed from following ﬁgures.7.1. Case I
In this case a bimorph transducer of 0.2 mm-thickness, bonded
to two silver electrodes with thickness of 4 lm under torsion ofFig. 13. Size effect on Maximum stress between transducer layers Green: Interface
shear stress between two piezoelectric layer Red: Interface shear stress between
PZT8 and electrode Blue: Interface shear stress between PZT2 and electrode. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)0.001 N m, is investigated. The bimorph transducer is made up
of type (I) PZT2 and PZT8 of layers. Maximum interface shear stress
between layers in terms of the thickness ratio of PZT2 to trans-
ducer is shown in Fig. 13.
Fig. 13 implies that the maximum stress at interface of two pie-
zoelectric layers occurs at PZT2H ¼ 0:55 while the induced interface
stresses between piezoelectric layers and electrodes do not vary
with thickness ratio.
7.2. Case II
A bimorph transducer of 0.2 mm-thickness, bonded to two elec-
trodes with thickness of 4 lm under torsion of 0.001 N m, is
investigated. The bimorph transducer is made up of PZT2 and
PZT8 layers with the same thickness of 0.1 mm and conﬁguration
of type (I). Maximum interface shear stress between layers in
terms of shear modulus of electrodes is shown in Fig. 14.
As shown in Fig. 14, the maximum shear stress between layers
increases gradually as the electrodes become stiffer. It is important
to note that the largest interface shear stress occurs between two
piezoelectric layers.8. Conclusion
In order to improve the joint failure strength, an adhesively
bonded smart multilayer piezoelectric transducer has been investi-
gated. A rigorous three dimensional analytical solution for static
torsional deformation of multilayer piezoelectric transducers is
presented. General formulation of the problem in terms of stress
and induction functions is introduced for a transducer with arbi-
trary layers. The problem also has been solved for rectangular cross
section for both parallel and perpendicular orientations of axis of
torsion with respect to the polarization axis for each layer.
Three-dimensional ﬁnite element analysis has also been con-
ducted, which indicates absolute agreement with analytical
solution.
Exact modeling of adhered electrodes as extra layers shows that
neglecting electrodes will cause considerable deviation from exact
solution. By means of calculating the corresponding error, a correc-
tion factor is introduced in order to completely compensate the ef-
fect of ignoring electrodes. Hence, this analysis enables us to reach
the exact solution by investigating a less complicated problem.
This approach proposes an accurate solution to evaluate the effects
of electrode as a extra layer. It has been shown that the error in-
duced by ignoring electrodes sharply rises as either thickness or
2238 M. Maleki et al. / International Journal of Solids and Structures 49 (2012) 2230–2238electrode’s shearing modulus increases. The solution creates a scal-
able solution which may be used for transducers either with thin
ﬁlm or thick ﬁlm electrodes. We demonstrate that the nature of
thick-ﬁlm electrodes generally leads to a reduction of effective pie-
zoelectric properties. Finally, due to the critical roles of interface
stresses the effects of thickness ratio of transducer layers as well
as electrodes’ stiffness on the maximum interface shear stress
are studied. This analysis estimates the maximum interface stress
in order to prohibit debonding of transducer layers. It may be also
used in many engineering applications, including the PZT rotating
motors and gyroscopes in quite small sizes, piezoelectric optical
micro scanner with built-in torsion sensors, laser scanning unit
or the coiled helix piezoelectric actuators and sensors.
Undoubtedly such analytical and numerical research will pro-
vide a new idea of how to efﬁciently decide and design the geomet-
rical and fabricating properties of multilayer piezoelectric
transducers.Acknowledgments
Authors would like to thank Mr. Hadi Hosseinzadegan, Depart-
ment of Electrical Engineering, University of Cornell, NY, USA and
Mr. Arash Mohtat, Department of Mechanical Engineering, McGill
University, for their valuable technical comments and assistance
in software implementation. In addition, the authors would like
to acknowledge the ﬁnancial support received from University of
Tehran for conducting this research work under grant number
8106024/1/03.References
Almajid, A., Taya, M., Hudnut, S., 2001. Analysis of out-of-plane displacement and
stress ﬁeld in a piezocomposite plate with functionally graded microstructure.
Int. J. Solids Struct. 38, 3377–3391.
Ashida, F., 1999. Reduction of applied electric potential controlling thermoelastic
displacement in a piezoelectric actuator. Arch. Appl. Mech. 69, 443–454.
Blackshire, J.L., Cooney, A., 2006. Evaluation and improvement in sensor
performance and durability for structural health monitoring systems. P Soc.
Photo-Opt. Ins. 6179. Article No.61790K, K1790–K1790.
Borrelli, A., Horgan, C.O., Patria, M.C., 2006. Saint–Venant end effects for plane
deformations of linear piezoelectric solids. Int. J. Solids Struct. 43, 943–956.
Chakraborty, A., Gopalakrishnan, S., Reddy, J.N., 2003. A new beam ﬁnite element for
the analysis of functionally graded materials. Int. J. Mech. Sci. 45, 519–539.
Dai, H.L., Xiao, X., Fu, Y.M., 2010. Analytical solutions of stresses in functionally
graded piezoelectric hollow structures. Solids State Commun. 150, 763–767.
DeVoe, D.L., Pisano, A.P., 1997. Modeling and optimal design of piezoelectric
cantilever microactuators. J. Microelectromech. S. 6, 266–270.Ecsedi, I., Baksa, A., 2010. Prandtl’s formulation for the Saint–Venant’s torsion of
homogeneous piezoelectric beams. Int. J. Solids Struct. 47, 3076–3083.
Furuta, A., Uchino, K., 1993. Dynamic observation of crack-propagation in
piezoelectric multilayer actuators. J. Am. Ceram. Soc. 76, 1615–1617.
Glazounov, A.E., Wang, S., Zhang, Q.M., Kim, C., 1999. High-efﬁciency piezoelectric
motor combining continuous rotation with precise control over angular
positioning. Appl. Phys. Lett. 75, 862–864.
Hauke, T., Kouvatov, A., Steinhausen, R., Seifert, W., Beige, H., Langhammer, H.T.,
Abicht, H.P., 2000. Bending behavior of functionally gradient materials.
Ferroelectrics 238, 759–766.
Huang, C., Lin, Y.Y., Tang, T.A., 2004. Study on the tip-deﬂection of a piezoelectric
bimorph cantilever in the static state. J. Micromech. Microeng. 14, 530–534.
Hwang, W.S., Park, H.C., 1993. Finite-element modeling of piezoelectric sensors and
actuators. AIAA J. 31, 930–937.
Kim, S.J., Jones, J.D., 1996. Effects of piezo-actuator delamination on the
performance of active noise and vibration control systems. J. Intel. Mat. Syst.
Str. 7, 668–676.
Kobayashi, T., Tsaur, J., Maeda, R., 2005. Development of 1D optical micro scanner
driven by piezoelectric actuators. Adv. Electron. Packag. Pts A-C, 789–792.
Kruusing, A., 2001. Optimizing magnetization orientation of permanent magnets for
maximal gradient force. J. Magn. Magn. Mater. 234, 545–555.
Lee, H.J., 2005. Layerwise laminate analysis of functionally graded piezoelectric
bimorph beams. J. Intel. Mat. Syst. Str. 16, 365–371.
Lee, H.J., Saravanos, D.A., 2000. A mixed multi-ﬁeld ﬁnite element formulation for
thermopiezoelectric composite shell Int. J. Solids Struct. 37, 4949–4967.
Li, X.Y., Ding, H.J., Chen, W.Q., 2008. Three-dimensional analytical solution for
functionally graded magneto-electro-elastic circular plates subjected to
uniform load. Compos. Struct. 83, 381–390.
Lim, C.W., He, L.H., 2001. Exact solution of a compositionally graded piezoelectric
layer under uniform stretch, bending and twisting. Int. J. Mech. Sci. 43, 2479–
2492.
Liu, J., Cao, X.S., Wang, Z.K., 2007. Propagation of Love waves in a smart functionally
graded piezoelectric composite structure. Smart Mater. Struct. 16, 13–24.
Maleki, M., Naei, M.H., Hosseinian, E., Babahaji, A., 2011. Exact three-dimensional
analysis for static torsion of piezoelectric rods. Int. J. Solids Struct. 48, 217–226.
Nianga, J.M., 2006. Boundary-layer of torsion in a piezoelectric material with a
symmetry of order six. Mech. Res. Commun. 33, 780–786.
Sankar, B.V., 2001. An elasticity solution for functionally graded beams. Compos. Sci.
Technol. 61, 689–696.
Shen, D., Ajitsaria, J., Choe, S.Y., Kim, D.J., 2006. The optimal design and analysis of
piezoelectric cantilever beams for power generation devices. Mater. Res. Soc.
Symp. P 888, 271–276.
Taya, M., Almajid, A.A., Dunn, M., Takahashi, H., 2003. Design of bimorph piezo-
composite actuators with functionally graded microstructure. Sensor Actuat a-
Phys. 107, 248–260.
Ueda, S., 2004. Thermally induced fracture of a functionally graded piezoelectric
layer. J. Therm. Stresses. 27, 291–309.
Williams, C.B., Yates, R.B., 1996. Analysis of a micro-electric generator for
microsystems. Sensor. Actuat a-Phys. 52, 8–11.
Winzer, S.R., Shankar, N., Ritter, A.P., 1989. Designing coﬁred multilayer
electrostrictive actuators for reliability. J. Am. Ceram. Soc. 72, 2246–2257.
Wu, C.C.M., Kahn, M., Moy, W., 1996. Piezoelectric ceramics with functional
gradients: a new application in material design. J. Am. Ceram. Soc. 79, 809–812.
Yang, J., Xiang, H.J., 2007. Thermo-electro-mechanical characteristics of functionally
graded piezoelectric actuators. Smart Mater. Struct. 16, 784–797.
Zehetner, C., 2008. Compensation of torsion in rods by piezoelectric actuation. Arch.
Appl. Mech. 78, 921–933.
